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Abstract
Using Lindblad dynamics we study quantum spin systems with dissipative
boundary dynamics that generate a stationary nonequilibrium state with a
non-vanishing spin current that is locally conserved except at the boundaries.
We demonstrate that with suitably chosen boundary target states one can
solve the many-body Lindblad equation exactly in any dimension. As solu-
tion we obtain pure states at any finite value of the dissipation strength and
any system size. They are characterized by a helical stationary magnetiza-
tion profile and a superdiffusive ballistic current of order one, independent of
system size even when the quantum spin system is not integrable. These re-
sults are derived in explicit form for the one-dimensional spin-1/2 Heisenberg
chain and its higher-spin generalizations (which include for spin-1 the inte-
grable Zamolodchikov-Fateev model and the bi-quadratic Heisenberg chain).
The extension of the results to higher dimensions is straightforward.
1 Introduction
A question of considerable interest in the context of one-dimensional transport phe-
nomena is the magnitude of stationary currents in boundary-driven quantum spin
systems as a function of system size N . In the case of normal (diffusive) transport
a current j is asymptotically proportional to 1/N , while for ballistic transport the
current approaches a non-zero constant even in the thermodynamic limit N → ∞.
In one dimension this behavior is a hallmark of integrable systems and manifests
itself in a finite Drude weight [1, 2]. A way to measure this quantity experimentally
in such systems has been proposed recently [3].
We address the relationship between the nature of the boundary driving, integra-
bility and transport properties by studying boundary-driven quantum spin chains in
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the by now theoretically well-established and experimentally accessible framework
of non-equilibrium Lindblad dynamics. This approach models a dissipative coupling
of a quantum system to its environment and thus allows for the description of sta-
tionary current-carrying quantum states. We explore conditions on the boundary
driving under which ballistic transport may occur in a quantum spin system. It
turns out that such behavior arises in stationary states in which the ballistic current
is associated with a spin rotation along the direction of driving. We shall call such
superdiffusive nonequilibrium stationary states “spin helix states” (SHS), in analogy
to phenomena in spin-orbit-coupled two-dimensional electron systems [4, 5, 6]. We
focus on one-dimensional spin chains, which are of great current interest. However,
it will transpire that analogous SHS will appear also in higher dimensions with an
appropriate choice of Lindblad boundary driving.
The 1-d SHS generalizes the asymptotic state in the isotropic Heisenberg chain
(XXX-chain) in the thermodynamic limit N → ∞ that was found recently [7, 8]
which is, in turn, reminiscent of the helical ground state of the classical isotropic
Heisenberg spin chain with boundary fields and its formal analog of ferromagnetic
quantum domains in the Heisenberg quantum chain [9, 10]. The novelty of the SHS
is the occurrence of a non-zero winding number in the helical state that turns out
to be responsible for the ballistic transport.
Mainly we are interested in exact SHS’s in the experimentally relevant chains of
finite length. However, we shall also present numerical results away from the exactly
solvable points that highlight the specific features of the exact SHS. Interestingly,
these SHS are pure states, which is unusual for solutions of a many-body Lindblad
equation. These states arise in the regime |∆| < 1 for the anisotropy parameter
of the spin-s chain. For the ground state of the spin-1/2 XXZ Heisenberg chain
this is the quantum critical regime, unlike the ferromagnetic regime ∆ ≥ 1 studied
in [10], which exhibits a mathematically somewhat analogous but physically very
different behavior. Notice that the nonequilibrium stationary state of a dissipatively
boundary driven XXZ-chain was argued to converge to the SHS in the Zeno limit of
infinitely large boundary dissipation [11, 12]. Here we show how the SHS is produced
at arbitrary finite dissipative strength.
The paper is organized as follows. To be concrete, we first consider in Sec. 2 the
anisotropic spin-1/2 Heisenberg chain. We define the SHS and derive the conditions
under which exact SHS’s arise with judiciously chosen Lindblad dissipators. In Sec.
3 we discuss in some detail transport properties of the spin-1/2 SHS and compare
with transport in non-SHS states. Then we go on to generalize the approach to
higher-spin chains (Sec. 4) and discuss some classical analogies. In Sec. 5 we draw
some conclusions.
2
2 Spin helix states in the spin-1/2 XXZ-chain
The spin-1/2 XXZ-chain is defined by the Hamiltonian [13]
H =
N−1∑
k=1
hk (1)
with local interaction matrices hk given in terms of Pauli spin-1/2 matrices by
hk = J
[
σxkσ
x
k+1 + σ
y
kσ
y
k+1 + ∆(σ
z
kσ
z
k+1 − 1)
]
(2)
= 2J
[
σ+k σ
−
k+1 + σ
−
k σ
+
k+1 − cos η (nˆkvˆk+1 + vˆknˆk+1)
]
. (3)
Here ∆ = cos η is the anisotropy parameter, and in the second representation we
have used the local projectors
nˆk =
1
2
(1− σzk) , vˆk =
1
2
(1 + σzk) (4)
and the spin raising and lowering operators σ±k = (σ
x
k ± iσyk)/2. We recall that the
Pauli matrices satisfy the SU(2) commutation relations [σαk , σ
β
l ] = 2iδk,l
∑3
γ=1 αβγσ
γ
k
where αβγ is the totally antisymmetric Levi-Civita symbol with 123 = 1.
The object of interest is the density matrix ρ in a boundary-driven non-equilibrium
situation where stationary currents arise from the coupling of the left and right
boundary sites 1 and N to an environment which projects the boundary spins in dif-
ferent directions. The density matrix ρ of the non-equilibrium steady state (NESS)
is determined by the stationary Lindblad equation [14, 15]
0 =
d
dt
ρ = −i[H, ρ] +DL(ρ) +DR(ρ) (5)
with boundary dissipators Dj, j ∈ {L,R} acting on the density matrix as
Dj(ρ) = DjρD†j −
1
2
{D†jDj, ρ}. (6)
The Lindblad operators Dj which encode the nature of the boundary driving will
be specified below. Stationary expectations 〈O 〉 of physical observables O are then
given by the trace 〈O 〉 = Tr(Oρ). Our main interest will be in the magnetic
moments ~mk at site k of the chain. For convenience we ignore material-dependent
factors and choose units such that ~mk = 〈~σk 〉.
In the absence of the unitary part given by the spin chain Hamiltonian H, the
non-unitary dissipative part given by the dissipators Dj forces the system locally at
the respective left (L) or right (R) boundary site into some target state. Thus, if
the two target states are different, stationary currents associated with local bulk-
conserved degrees of freedom are generally expected to flow due to the action of the
unitary bulk part of the Lindblad equation.
3
2.1 The spin-1/2 helix state
For many problems of interest the quantum master equation (5) admits an exact
solution in which the stationary density matrix is expressed in matrix product form
[16, 17]. Here we take a different approach and make a pure-state ansatz
ρ = |Φ 〉〈Φ | (7)
with the product state
|Φ 〉 = |φ1 〉 ⊗ · · · ⊗ |φN 〉. (8)
This means that we can write
ρ = |φ1 〉〈φ1 | ⊗ · · · ⊗ |φN 〉〈φN |. (9)
We take the basis where the z-components σzk of the local spin operator are all
diagonal and choose
|φk 〉 = 1√|a|2 + |b|2
(
a e−i
1
2
φk
b ei
1
2
φk
)
(10)
with the local phase angle
φk = ϕk (11)
where 0 ≤ ϕ < 2pi.
With the parametrization a = eiϕB/2, b = re−iϕB/2 the magnetization profiles
mαk := 〈σαk 〉/2, i.e., the α-components of the dimensionless magnetic moments, are
given by
mxk =
r
1 + r2
cos (ϕk − ϕB), myk =
r
1 + r2
sin (ϕk − ϕB), mzk =
1
2
1− r2
1 + r2
. (12)
One recognizes in ϕ the twist angle between neighbouring spins in the xy-plane.
Therefore we refer to the pure density matrix (9) specified by the properties (10)
and (11) as spin helix state (SHS).
The quantity ϕ(N − 1) yields the twist angle between boundary target polariza-
tions in the xy-plane. Hence any ϕ ∈ [0, 2pi[ of the form
ϕ =
Φ + 2piK
N − 1 (13)
with 0 ≤ Φ < 2pi and 0 ≤ K < N − 1 gives rise to the same spin rotation between
the boundary spins by the angle Φ in the xy-plane. We shall refer to Φ as the
boundary twist and to K as the (clockwise) winding number of the spin helix [18].
Without loss of generality we fix the phase ϕB = ϕ which corresponds to a choice
of the coordinate system such that the planar spin component at site 1 points into
the x-direction. The left target state at site 1 is then the local density matrix
ρL = (vˆ + r
2nˆ + rσx)/(1 + r2). and the right target state is given by ρR = (vˆ +
r2nˆ + r cos (Φ)σx + r sin (Φ)σy)/(1 + r2). For r = 1 the SHS is fully polarized in
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the xy-plane with perpendicular magnetization mzk = 0 along the chain. Due to the
factorized structure of the SHS there are no spin-correlations between different sites.
Thermal-like properties of this NESS can be characterized by the bond energy
density εk := 〈hk 〉. From the factorization property (9) and the explicit form of
the local magnetizations (12) one finds that the bond energy density is spatially
constant and given by
ε = J
[(
2r
1 + r2
)2
cosϕ+ ∆
((
1− r2
1 + r2
)2
− 1
)]
. (14)
Due do the factorized structure of the SHS there are no energy correlations between
non-neighbouring bonds.
The complete absence of correlations in the SHS is reminiscent of very high
temperatures. We caution, however, not to interpret this lack of correlations and
the flat energy profile along the chain as indicating proximity to some equilibrium
state ρ ∝ exp (−βeffH) with an effective temperature given by (14), not even if
ϕ = 0 when also the magnetization profile is flat. For ϕ = 0 one can write ρ ∝
exp (−βeffHeff ) with an effective Hamiltonian of the form Heff =
∑
k(σ
z
k+uσ
x
k+w).
Such a non-interacting Hamiltonian corresponds to a subspace of H for ∆ = 0 [19],
but does not in general capture any significant physical property of the thermal
density matrix ρ ∝ exp (−βH) for any finite temperature at any value of ∆.
2.2 Construction of the boundary dissipators
Now we aim at deriving boundary dissipators which allow for maintaining the SHS
stationary in the finite XXZ-chain. To this end we first make a remark on pure-state
solutions of a general stationary Lindblad equation
L(ρ) = −i[H, ρ] +
∑
j
Dj(ρ) = 0 (15)
where here j belongs to some index set (not necessarily just L and R). Let a pure
state ρ = |Ψ 〉〈Ψ | be the solution of (15). Then |Ψ 〉 is an eigenvector of all the
Lindblad operators Dj and the Lindblad equation turns into the set of eigenvalue
problems
Dj|Ψ 〉 = λj|Ψ 〉, H˜|Ψ 〉 = µ|Ψ 〉 (16)
with (in general complex) eigenvalues λj and (real) eigenvalue µ of the shifted Hamil-
tonian
H˜ = H +
∑
j
i
2
(
λ¯jDj − λjD†j
)
. (17)
This can be seen as follows [20, 21]. Sandwich the Lindblad equation (15) with
|Ψ 〉. Then the unitary part involving the commutator with H vanishes identically
and one gets ∑
j
(
〈Ψ |Dj|Ψ 〉〈Ψ |D†j |Ψ 〉 − 〈Ψ |D†jDj|Ψ 〉
)
= 0 (18)
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for the dissipative part. By the Schwarz inequality (which generally gives ≥ 0 for
the l.h.s.) the equality is realized if and only if the eigenvalue property
Dj|Ψ 〉 = λj|Ψ 〉 (19)
holds for each dissipative term. Then the Lindblad dissipator can be written as a
commutator
Dj(ρ) = 1
2
λj[ρ, D
†
j ] +
1
2
λ¯j[Dj, ρ] = [
1
2
(λ¯jDj − λjD†j), ρ] (20)
and the Lindblad equation becomes
[H +
∑
j
i
2
(λ¯jDj − λjD†j), ρ] = 0. (21)
Consider now the commutator [A, σ] = 0 with a general tensor matrix σ =
|Ψ 〉〈Ψ′ | such that 〈 k |Ψ 〉 6= 0 and 〈Ψ′ | l 〉 6= 0 for all orthonormal basis vectors
| k 〉, | l 〉 of the separable Hilbert space to which |Ψ 〉 and |Ψ′ 〉 belong. Sandwiching
with 〈 k | and | l 〉 yields
〈 k |A|Ψ 〉〈Ψ′ | l 〉 = 〈 k |Ψ 〉〈Ψ′ |A| l 〉 (22)
or, equivalently,
〈 k |A|Ψ 〉
〈 k |Ψ 〉 =
〈Ψ′ |A| l 〉
〈Ψ′ | l 〉 ∀k, l. (23)
Hence
〈 k |A|Ψ 〉 = µ〈 k |Ψ 〉, 〈Ψ′ |A| k 〉 = µ〈Ψ′ | k 〉 ∀k (24)
with the same constant µ. This implies
A|Ψ 〉 = µ|Ψ 〉, 〈Ψ′ |A = µ〈Ψ′ |. (25)
This proves (16) for any pure state. Conversely, if (16) holds for some vector |Ψ 〉
then the pure state ρ = |Ψ 〉〈Ψ | is a solution of the original Lindblad equation (15).
Now we apply this property to the SHS defined by (9) with (10), (11) which we
require to satisfy the stationarity condition (5) with boundary Lindblad operators
DL,R. Notice that one can write the interaction terms hk of the XXZ-Hamiltonian
(1) as
hk = ek(η) + i sin η(σ
z
k+1 − σzk) = ek(−η)− i sin η(σzk+1 − σzk) (26)
with
ek(η) = 2J
(
σ+k σ
−
k+1 + σ
−
k σ
+
k+1 − eiηnˆkvˆk+1 − e−iηvˆknˆk+1
)
. (27)
This fact allows us to write
H = G(η) + iJ sin η(σzN − σz1) = G(−η)− iJ sin η(σzN − σz1) (28)
with G(η) =
∑N−1
k=1 ek(η).
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Remarkably, for the relation
η = ϕ (29)
between the twist angle ϕ of the SHS and the anisotropy η of the XXZ-chain one
has
ek(ϕ)|Φ 〉 = 0, 〈Φ |ek(−ϕ) = 0. (30)
This implies G(ϕ)|Φ 〉 = 0 and 〈Φ |G(−ϕ) = 0 and therefore
H|Φ 〉 = iJ sinϕ(σzN − σz1)|Φ 〉, 〈Φ |H = −iJ sinϕ〈Φ |(σzN − σz1). (31)
To proceed and construct suitable Lindblad operators DL,R it is convenient to
define for subscript j ∈ {L,R} the shifted Lindblad operators
D˜j = Dj − λj. (32)
We also note that we can write the shifted Hamiltonian (17) as
H˜ = H +
∑
j∈{L,R}
i
2
(λ¯jD˜j − λjD˜†j). (33)
The constants λj are to be determined. According to (16) this implies that one has
to solve
D˜L|Φ 〉 = D˜R|Φ 〉 = 0, (34)
and
〈Φ |
[
−iJ sin (ϕ)(σzN − σz1) +
i
2
(
λ¯LD˜L + λ¯RD˜R
)]
= µ〈Φ | (35)
with µ ∈ R. Here we used that (34) is equivalent to 〈Φ |D˜†i = 0. This allows us to
split these four equations into two pairs of equations for each boundary
D˜L|Φ 〉 = 0, 〈Φ |
(
iJ sin (ϕ)σz1 +
i
2
λ¯LD˜L
)
= µL〈Φ | (36)
D˜R|Φ 〉 = 0, 〈Φ |
(
−iJ sin (ϕ)σzN +
i
2
λ¯RD˜R
)
= µR〈Φ | (37)
with µL = (µ + iν)/2 arbitrary and µR = µ¯L so that µL + µR = µ ∈ R as required
by (16). The real-valued constants µ, ν can be computed by multiplying from the
right by |Φ 〉. Using (12) yields
µL = iJ sin (ϕ)
1− r2
1 + r2
= −µR (38)
and therefore µ = 0, ν = jz. For full planar polarization this reduces to µL = µR = 0.
Requiring the left dissipator DL to act non-trivially on the left boundary site 1
one finds from the first eigenvalue equation in (36) that
D˜L =
(
rαL −αL
rβL −βL
)
1
= αL
(
rvˆ1 − σ+1
)− βL (nˆ1 − rσ−1 ) (39)
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with arbitrary constants αL, βL. Then the second equation in (36) is solved by
λ¯L = − 4rJ sinϕ
(1 + r2)(αL + rβL)
. (40)
For the right boundary the eigenvalue equation D˜R|Φ 〉 = 0 in (37) gives
D˜R = e
−i (N−1)ϕ
2
σzN
(
rαR −αR
rβR −βR
)
N
ei
(N−1)ϕ
2
σzN
= αR
(
rvˆN − e−iΦσ+N
)− βR (nˆN − reiΦσ−N) (41)
with arbitrary constants αR, βR. From the second equation in (37) one then obtains
λ¯R =
4rJ sinϕ
(1 + r2)(αR + rβR)
. (42)
Thus the SHS is stationary under the action of a two-parameter family of boundary
dissipators with Lindblad operators Dj = D˜j + λj.
3 Transport properties of the SHS
We treat both spin and energy transport, the emphasis being on spin transport.
3.1 Spin transport in the SHS
The z-component of the total magnetization is conserved under the unitary part
of the time evolution. The associated conserved spin current is defined by the
continuity equation through the time derivative of the magnetization profile m˙zk =
jzk−1 − jzk . Since m˙zk = i〈 [H, σzk] 〉/2 one gets from the commutation relations of the
Pauli matrices the current operator
ˆzk = J
(
σxkσ
y
k+1 − σykσxk+1
)
. (43)
In the stationary state the current jz := 〈 ˆzk 〉 does not depend on k and it is
of interest to investigate its properties in the SHS. Strictly speaking, the SHS as
defined above arises as stationary solution of the Lindblad equation for a finite
chain only in the regime |∆| < 1 of the XXZ-chain. However, as shown below, it
appears asymptotically also in the isotropic Heisenberg chain with ∆ = 1 and it has
a (non-helical) analog in the ferromagnetic regime ∆ > 1. We discuss these cases
separately.
3.1.1 Helical regime |∆| < 1
The factorized form of the SHS defined by (9) - (11) yields
jz = J
4r2
(1 + r2)2
sinϕ (44)
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which even in a large system is of order 1 for macroscopic winding numbers of order
N . Interestingly, in contrast to the classical relation between a locally conserved
current and boundary gradients of the associated conserved quantity, for any winding
number there is a current even though there is no gradient ∆mz := mz1 −mzN = 0
between the z-magnetizations of the boundaries. Moreover, the behaviour of the
SHS is also in contrast to the situation where the XXZ-chain is driven by two
Lindblad operators at each boundary into a state close to an infinite-temperature
thermal state [22]. In this case, the effective diffusion coefficient Dzeff ∝ Ljz/∆mz
was found numerically for chains up to more than 200 sites to be proportional to
L (corresponding to ballistic transport) with a coefficient of proportionality that
depends on the anisotropy ∆. Theoretically, a ballistic spin current in this regime
was proved by calculating the lower bound for a respective Drude weight, see [2].
The spin transport of the SHS is, in fact, reminiscent of the persistent current j
in a mesoscopic ring threaded by a magnetic flux Φ [23, 24]. At zero temperature
one has
j = −∂E0
∂Φ
(45)
and the Drude weight is given by the spin stiffness [28]
D = L
∂2E0
∂Φ2
|Φ=Φm (46)
where E0 is the ground state energy and Φm is the value of Φ that minimizes E0(Φ).
Substituting the ground state energy E0 of the ring by the energy density (14) times
the chain length L = N − 1 (in lattice units) of the SHS, i.e., E0 → (N − 1)ε,
identifying the flux Φ with the magnitude of the boundary twist, and keeping ∆
fixed when taking the derivative w.r.t. Φ one finds from (45) that j = jz as given
by (44) and then (46) gives DSHS = |J | > 0, indicating infinite DC conductivity.
Expressions for finite temperature analogous to (45) and (46) are derived in
[25] and it was conjectured that a finite Drude weight at non-zero temperature is
a generic property of integrable systems. Thus the non-thermal (but certainly not
zero-temperature) SHS of the integrable XXZ-chain appears to fit into the picture re-
lating the Drude weight obtained via (46), infinite DC conductivity and integrability
[1, 2, 26, 27]. The Drude weight DSHS, however, does not depend on the anisotropy
∆ unlike the thermal Drude weight [28, 29, 30]. More significantly, however it will
be shown below that the ballistic transport in the SHS is, in fact, unrelated to
integrability.
3.1.2 Isotropic point |∆| = 1
At the isotropic point ∆ = 1 where η = 0 and the matching condition (29) yields a
trivial constant SHS with twist angle Φ = 0 and winding number K = 0. However,
it is interesting to look at the magnetization profiles (12) and the spin current
(44) with the boundary driven isotropic XXX-chain, corresponding to non-zero
boundary twist θ 6= 0 in the xy-plane. It was shown in [7, 8] that the boundary
target states and the magnetization profiles for large N are of the form (12) with
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ϕ = θ/(N−1) and r = 1. Thus this non-equilibrium steady state of the XXX-chain
is a SHS in the thermodynamic limit with winding number K = 0 and boundary
twist Φ = θ.
The z-component of the spin current in the XXX-chain is asymptotically given
by jz ∼ Jθ/N [8], which agrees with (44) for ϕ = θ/(N − 1) and large N [31].
Moreover, one can show that in the XXX-case one has ∆mz := mz1−mzN = O(1/N),
indicating ballistic transport of the z-component of the spin in the XXX-chain since
the effective diffusion coefficient Dzeff = Nj
z/(∆mz) is proportional to system size
N . This is consistent with the observation of infinite conductivity in the SHS of
the XXZ-chain obtained above from the Drude weight (46) which is finite also for
∆ = 1 [32].
However, the ballistic transport in the SHS of the XXX chain is in contrast to
the transport properties both of the canonical ensemble for which it has been shown
that the spin stiffness of the periodic XXX-chain at zero z-magnetization vanishes
at any positive temperature [33] and of the “infinite-temperature” XXX-chain with
two Lindblad operators at each boundary, reported in [34]. According to exact
numerical calculations for short chains up to approx. 10 sites the diffusion coefficient
seems to diverge superdiffusively with system size as Dzeff =∝ N1/2 in this rather
different setting. This is remarkable as it implies that the microscopic details of the
Lindblad boundary dissipators may determine fundamentally qualitative properties
of the bulk.
3.1.3 Ferromagnetic coupling ∆ > 1
The Heisenberg Hamiltonian with J < 0 and ∆ > 1 (corresponding to a purely
imaginary anisotropy parameter iη) has a degenerate ferromagnetic ground state
with all spins aligned in positive or negative z-direction, corresponding to the SHS
with r = 0 or r = ∞ respectively. We note, however, that the SHS with r finite
can be defined also for purely imaginary ϕ and therefore the matching condition
(29) can be met for ∆ > 1. However, this state is not a helix state. Substituting
ϕ → iη and parametrizing r = exp (u∗Nη + iφ0) one obtains for the Heisenberg
chain (1) with ∆ = cosh η a fully polarized state with vanishing spin current jz and
the magnetization profiles given by
〈σxk 〉 =
cosφ0
cosh (ηk˜)
, 〈σyk 〉 =
sinφ0
cosh (ηk˜)
, 〈σzk 〉 = tanh (ηk˜) (47)
where k˜ = k − u0N .
This is the domain wall state of the XXZ-chain with opposite boundary fields in
z-direction [10] with a left domain of negatively aligned spins and a right domain
with positively aligned spins. For N  1/η2 the domain wall between positive and
negative aligned spins is located at u0N , provided that 0 < u0 < N . Otherwise one
has a boundary layer with a width of order 1/η. Only in a region of size O(1/η2) near
the domain wall one has for large N a non-negligible transverse magnetization mx,yk .
This domain wall state has a direct classical analog as stationary traffic jam state of
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the asymmetric simple exclusion process with reflecting boundary conditions [35, 36]
since for ∆ > 1 the XXZ-Hamiltonian coincides with the generator of this stochastic
interacting particle system [37]. Note that also the state (47) can be dissipatively
obtained for infinite dissipation strength in a XXZ chain with fine-tuned anisotropy
∆ = cosh η [11].
3.2 Energy transport in the SHS
The operator for the locally conserved energy current ˆEk associated with bond (k, k+
1) is defined by the continuity equation h˙k = i[H, hk] = ˆ
E
k − ˆEk+1 which yields
ˆEk = i[hk−1, hk] [38, 39]. Using the commutation relations of the Pauli matrices one
finds
ˆEk = 2J
2
(−σxk−1σzkσyk+1 + ∆σxk−1σykσzk+1 + σyk−1σzkσxk+1
−∆σyk−1σxkσzk+1 −∆σzk−1σykσxk+1 + ∆σzk−1σxkσyk+1
)
. (48)
The energy current jE = 〈 ˆEk 〉 then follows from the factorized structure (8) of the
SHS and the magnetization profiles (12).
Somewhat surprisingly
jE = J2
8r2(1− r2)
(1 + r2)3
(2∆ sinϕ− sin 2ϕ) = 0 (49)
since ∆ = cosϕ in the SHS. This is consistent with the constant bond energy along
the chain (implying the absence of a energy gradient between the boundaries), but
nevertheless not completely obvious since (a) from a microscopic perspective it is
not a priori clear that the dissipators would not generate an energy current and
(b) the total energy current
∑
k ˆ
E
k in a periodic chain is a conserved charge of the
integrable periodic XXZ-chain [38, 39] and hence ballistic transport of energy is
generic.
3.3 Numerical results
Now we explore numerically on a concrete example the predicted special properties
of the spin helix state as opposed to a generic non-equilibrium state that arises as a
solution of the Lindblad equation (5) with Lindblad operators whose parameters do
not satisfy the matching condition (29) and conditions (39) - (42) for the Lindblad
operators. We focus on the fully polarized SHS with r = 1 and fix the Heisenberg
exchange coupling J = 1.
For the numerically exact solution of the Lindblad equation we consider an
XXZ-chain of four sites. For the Lindblad operators we take αL = βL = αR =
βR =
√
Γ > 0 so that
DL =
√
Γ (LI − σz1 + iσy1) , DR =
√
Γ (RI − σzN + i cos ΦσyN − i sin ΦσxN) . (50)
For N = 4 we take ϕ = 2pi/3 corresponding to winding number K = 2 and a zero
boundary twist angle Φ = 0 in the xy-plane. By fixing R = −L = 0.05 the variable
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Figure 1: von-Neumann entropy S (upper curve) and steady state current jz (lower
curve) versus dissipative amplitude Γ in the XXZ-chain. Parameters: J = 1, N =
4, η = ϕ = 4pi/3, R = −L = 1/20. The pure state with S = 0 describing a spin
helix state is seen for the predicted value Γ = 20| sinϕ| ≈ 17.32.
Γ becomes a measure for the dissipative strength. The pure SHS (9) - (11) is then
a stationary solution of the Lindblad equation (5) for
η = ϕ, Γ =
sinϕ
|R| = 20 sinϕ. (51)
For the purpose of the numerical investigation we do not require these equations
to be satisfied and study the purity of the solution of (5) and the corresponding
stationary current jz as a function of the anisotropy ∆ = cos η and the dissipative
strength Γ.
As a measure for the purity of the nonequilibrium steady state (NESS) ρ, we
choose the von Neumann entropy S = −Tr(ρ log2 ρ). Notice that S = 0 if and only
if the NESS is a pure state. From the exact numerical solution of (5) with η = ϕ
one sees that indeed for the value of Γ predicted by (51) the NESS becomes pure
(Fig. 1). The spin current is maximal in amplitude near this point, but remains
approximately equally strong for all Γ & 4.
It is also instructive to look at the NESS as a function of the anisotropy ∆ = cos θ,
i.e., now we assume the dissipative strength to satisfy (51), but not η. In this way, we
see a resonance-like behaviour of various system observables around the critical value
of the anisotropy ∆ = cosϕ. Even for a small chain of only 4 sites the spin current jz
increases by an order of magnitude and changes its sign near the critical anisotropy,
see Fig. 2. The von-Neumann entropy vanishes at ∆ = cosϕ, as expected. At the
XXX-point ∆ = 1 the von-Neumann entropy is small, but non-zero, in agreement
with the notion that the SHS is attained only asymptotically. Also the current at
this point as expected from the exact result [8]. For non-zero boundary twist Φ one
obtains qualitatively similar behavior (data not shown).
In order to get some insight in the resonance-like behaviour we note the following.
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Figure 2: von-Neumann entropy S (upper curve) and steady state current jz (lower
curve) versus anisotropy ∆. Parameters: J = 1, N = 4, ϕ = 4pi/3,Γ = 20 sinϕ,
and R = −L = 1/20. A pure SHS with S = 0 is obtained for the predicted value
∆ = cosϕ = −0.5.
For large amplitude Γ, the dissipative part of the dynamics, which is quadratic in
amplitudes, becomes much larger than the unitary Hamiltonian part of the dynam-
ics, and as a result the boundary spins 1, N “freeze” for any ∆. By this we mean that
the states to which the dissipation projects the boundary spins, which are mixed
states, become very close to completely polarized pure states. At the left boundary,
the spin 1 fixates approximately along the vector (1, 0, 0) and at the right bound-
ary approximately in the direction (cosϕ(N − 1), sinϕ(N − 1), 0) = (cos Φ, sin Φ, 0).
Indeed, analyzing the kernel of the left dissipator, we find that the distance from
the actually targeted state and the pure fully polarized state at the left boundary,
characterized via  := 1 − Tr(ρ1)2 with the reduced density matrix ρ1 = Tr2,3,...Nρ
is proportional to ε ∼ Γ−4 for large Γ. The same is true for the right boundary.
Now, if the polarization of the leftmost and rightmost spins in the chain differ only
slightly (in our example this boundary twist angle is actually zero Φ = 0), then one
expects almost no current in the system for any ∆ since it will generically favor a
homogeneous spin configuration, the neighbouring spins at sites k, k+1 being almost
collinear. This picture is well borne out by Fig. 2, except close to the critical value
∆ = cosϕ. At this point the spins arrange in the helix structure with a non-zero
winding number (2 in our case) which gives rise to the resonance. For the exact
helix spin state the spin current takes the value jz = sinϕ ≈ −0.866, close to the
maximal possible spin current |jzmax| = 1.
4 Higher-spin chains
The above results can be generalized to the case of spin s with maximal z-component
sz = s = (n − 1)/2. We focus on spin chains with conserved z-component of the
total spin.
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4.1 Spin-s chains with conserved Sz component
In order to define the Hamiltonian H we introduce the n-dimensional matrices Epq
with matrix elements (Epq)mn = δp,mδq,n. They satisfy the quadratic algbra
EpqEp
′q′ = δp′qE
pq′ . (52)
From these we build the local operator
Szk :=
2s∑
p=0
(s− p)Eppk (53)
for the z-component of the local spin as well as the total z-component
Sz :=
N∑
k=1
Szk . (54)
We assume a local nearest neighbour interactions between spins, i.e.,
H =
N−1∑
k=1
hk (55)
hk =
2s∑
p,q,p′,q′=0
cpqp′q′E
pp′
k E
qq′
k+1 (56)
This notation means that the nearest neighbour interaction matrix
h :=
2s∑
p,q,p′,q′=0
cpqp′q′E
pp′ ⊗ Eqq′ (57)
of dimension n2 has matrix elements hpn+q+1,p′n+q′+1 = c
pq
p′q′ . The coupling constants
satisfy cpqp′q′ = c¯
p′q′
pq since H is hermitian. Moreover, we impose the ice rule [13]
cpqp′q′ = 0, if p+ q 6= p′ + q′, (58)
and the symmetry relation
cpqp′q′ = c
qp
q′p′ , (59)
The ice rule (58) ensures conservation [H, Sˆz] = 0 of the z-component of the total
magnetization and (59) corresponds to lattice reflection symmetry k ↔ N + 1− k.
We shall also investigate the special case of spin-flip symmetry
cpqp′q′ = c
2s−p2s−q
2s−p′2s−q′ (60)
which is the invariance under Sz ↔ −Sz. Requiring in addition time-reversal sym-
metry gives the constraints
cpqp′q′ = c¯
p′q′
pq (61)
on the phases of the coupling coefficients.
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4.2 Spin-s helix state
We target a NESS in the form of a pure SHS |Ψ 〉〈Ψ | with |Ψ 〉 = |Ψ1 〉⊗· · ·⊗|ΨN 〉
and
|Ψk 〉 = 1√∑2s
i=0 |ri|2

r0e
−iϕks
r1e
−iϕk(s−1)
. . .
r2se
ikϕs
 (62)
with non-zero constants ri that can be complex. In order to achieve this state
in a similar fashion as discussed above for s = 1/2, it is sufficient to require the
generalization
H|Ψ 〉 = (FN − F1)|Ψ 〉, (63)
of the telescopic property (31) with diagonal matrices Fk =
∑2s
p=0 fpE
pp
k .
This condition will be satisfied if
hk|Ψ 〉 = (Fk+1 − Fk)|Ψ 〉 (64)
is satisfied for all k. In order to see what this implies for the coupling constants cpqp′q′
we define the gauge transformation
Vϕ =
N∏
k=1
eiϕkS
z
k (65)
and rewrite the SHS in the form
|Ψ 〉 = V −1ϕ |Ψ0 〉 (66)
where |Ψ0 〉 represents the constant wave function. Consequently, multiplying (64)
by Vϕ from the left and noting that Vϕ and F are diagonal matrices, we obtain
VϕhkV
−1
ϕ |Ψ0 〉 = (Fk+1 − Fk)|Ψ0 〉 (67)
for all k. From the definition one finds VϕE
pp′
k V
−1
ϕ = e
ik(p′−p) and therefore, using
the ice rule,
VϕhkV
−1
ϕ =
2s∑
p,q,p′,q′=0
cpqp′q′e
iϕ(q′−q)Epp
′
k E
qq′
k+1 (68)
Moreover, one has
Epp
′
k |Ψ0 〉 =
rp′
rp
Eppk |Ψ0 〉. (69)
Therefore
VϕhkV
−1
ϕ |Ψ0 〉 =
2s∑
p,q=0
2s∑
p′,q′=0
rp′rq′
rprq
cpqp′q′c
pq
p′q′e
iϕ(q′−q)Eppk E
qq
k+1|Ψ0 〉. (70)
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On the other hand,
(Fk+1 − Fk)|Ψ0 〉 =
2s∑
p,q=0
(fq − fp)Eppk Eqqk+1|Ψ0 〉 (71)
Thus
2s∑
p′,q′=0
rp′rq′
rprq
cpqp′q′e
iϕ(q′−q) = fq − fp (72)
determines the coupling constants of the spin-s chain (55).
This linear system of equations for the coupling constants of the Hamiltonian
can be easily solved which we demonstrate for the first non-trivial case s = 1. Notice
that the case s = 1/2 reproduces the XXZ-Hamiltonian discussed earlier.
4.3 Spin-1 chain
The ice rule (58) allows for 19 non-vanishing coupling constants. Hermiticity and
reflection symmetry (59) leave as free parameters the real-valued diagonal elements
ap := c
pp
pp, b1 := c
01
01 = c
10
10, b2 := c
02
02 = c
20
20, b3 := c
21
21 = c
12
12 and the spin-flip coefficients
c1 := c
01
10 = c
10
01 ∈ R, c2 := c0220 = c2002 ∈ R, c3 := c1221 = c2112 ∈ R, d := c1102 = c1120,
d¯ := c0211 = c
20
11. Requiring also spin-flip symmetry (60) leads to the further relations
a3 = a1, b3 = b1, c3 = c1. Time-reversal symmetry then implies d¯ = d.
4.3.1 Computation of h for helix states
We define
δ = cosϕ, ζ = r0r2/r
2
1. (73)
The parameters ϕ, ζ, or equivalently δ, ζ, characterize the spin-1 helix state. In
particular, one has 〈Sxk 〉 = 2
√
2ζ/(1 + 2ζ) cos (ϕ(k − 1)), 〈Syk 〉 = 2
√
2ζ/(1 +
2ζ) sin (ϕ(k − 1)), 〈Szk 〉 = 0, and the amplitude attains its maximum of full po-
larization at ζ = 1/2. We exclude from the discussion the non-helical zero-current
states ϕ = 0, pi corresponding to |δ| = 1 and the non-helical states ζ = 0,∞ with
vanishing spin polarization 〈 ~Sk 〉 = ~0.
The full set of equations (72) for the spin-1 SHS reads
a0 = a2 = 0 (74)
b1 + c1e
−iϕ + f0 − f1 = 0 (75)
b1 + c1e
iϕ + f1 − f0 = 0 (76)
b2 + c2e
−2iϕ + d¯ζ−1e−iϕ + f0 − f2 = 0 (77)
b2 + c2e
2iϕ + d¯ζ−1eiϕ + f2 − f0 = 0 (78)
a1 + dζ(e
iϕ + e−iϕ) = 0 (79)
b3 + c3e
−iϕ + f1 − f2 = 0 (80)
b3 + c3e
iϕ + f2 − f1 = 0. (81)
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Therefore
b1 = −c1δ (82)
b3 = −c3δ (83)
and a1 = −2dζδ, b2 = −c2 cos (2ϕ)− d¯ζ−1δ.
Since b2 and c2 are both real we conclude that also dζ and d¯ζ
−1 must be real
which implies that d has the negative phase of ζ plus a multiple of pi. For the
coefficients fi one finds
f0 − f1 = ic1 sinϕ (84)
f1 − f2 = ic3 sinϕ (85)
In addition we have
f0 − f2 = ic2 sin (2ϕ) + id¯ζ−1 sinϕ (86)
which yields the consistency condition c2 sin (2ϕ) = (c1 + c3 − d¯ζ−1) sinϕ which is
automatically satisfied for the irrelevant cases ϕ = 0, pi and which otherwise yields
d = ζ¯ (c1 + c3 − 2c2δ) (87)
b2 = c2 − (c1 + c3)δ (88)
a1 = 2δ|ζ|2 (2c2δ − c1 − c3) (89)
Thus all parameters are expressed in terms of ζ, ϕ characterizing the helix state and
the three real-valued parameters ci that can be chosen freely.
With the shorthand hk ≡ hk(c1, c2, c3; ζ, ϕ) we arrive at
hk = −c1δ
(
E00k E
11
k+1 + E
11
k E
00
k+1
)− c3δ (E11k E22k+1 + E22k E11k+1)
+ (c2 − (c1 + c3)δ)
(
E00k E
22
k+1 + E
22
k E
00
k+1
)
+2δ|ζ|2 (2c2δ − c1 − c3)E11k E11k+1
+c1
(
E01k E
10
k+1 + E
10
k E
01
k+1
)
+ c3
(
E12k E
21
k+1 + E
21
k E
12
k+1
)
+c2
(
E02k E
20
k+1 + E
20
k E
02
k+1
)
+(c1 + c3 − 2c2δ)
[
ζ
(
E01k E
21
k+1 + E
21
k E
01
k+1
)
+ ζ¯
(
E10k E
12
k+1 + E
12
k E
10
k+1
)]
.(90)
We also note that
Fk = f11 + (f0 − f1)E00k − (f1 − f2)E22k = f11 + i sinϕ
(
c1E
00
k − c3E22k
)
. (91)
The constant f1 is arbitrary since only the difference Fk+1 − Fk and the telescopic
sum
∑N−1
k=1 (Fk+1 − Fk) = FN − F1 appear in calculations. Hence we can set f1 = 0.
For spin-flip symmetry and time-reversal symmetry where c3 = c1 and ζ¯ = ζ the
local interaction reduces to
h∗k(c1, c2; ζ, ϕ) = −c1δ
(
E00k E
11
k+1 + E
11
k E
00
k+1 + E
11
k E
22
k+1 + E
22
k E
11
k+1
)
+ (c2 − 2c1δ)
(
E00k E
22
k+1 + E
22
k E
00
k+1
)
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+4δζ2 (c2δ − c1)E11k E11k+1 (92)
+c1
(
E01k E
10
k+1 + E
10
k E
01
k+1 + E
12
k E
21
k+1 + E
21
k E
12
k+1
)
+c2
(
E02k E
20
k+1 + E
20
k E
02
k+1
)
+2(c1 − c2δ)ζ
(
E01k E
21
k+1 + E
21
k E
01
k+1 + E
10
k E
12
k+1 + E
12
k E
10
k+1
)
where h∗k(c1, c2; ζ, ϕ) := hk(c1, c2, c1; ζ, ϕ). The corresponding divergence term is
given by
Fk = ic1 sin (ϕ)
(
E00k − E22k
)
= ic1 sin (ϕ)S
z
k . (93)
4.3.2 Integrable spin-1 chains with helix states
The local Hamiltonian (90) is a special case of the family of spin-1 chains surveyed in
[40]. For general parameter values the Hamiltonian built from the local Hamiltonians
(90) is not integrable which proves that the phenomenon of ballistic transport in the
helix state is not related to integrability. However, on a submanifold in parameter
space one can identify two integrable families which are special cases of the Uq[sl(2)]-
symmetric Hamiltonian [41]
HBMNR =
N−1∑
k=1
Ok(a, b;λ) =
N−1∑
k=1
O˜k(a, b;λ) + ia sin(2λ) (S
z
N − Sz1) (94)
where
O˜k(a, b;λ) = a~Sk · ~Sk+1 + b
(
~Sk · ~Sk+1
)2
− (a+ b)
i
a+ b
2
sin(λ)[(SxkS
x
k+1 + S
y
kS
y
k+1 + cos (λ)S
z
kS
z
k+1)(S
z
k+1 − Szk) + h.c.]
+2(a− b) sin2(λ/2)[(SxkSxk+1 + SykSyk+1)SzkSzk+1 + h.c.] (95)
− sin2(λ)
{
2a
[
(Szk)
2 +
(
Szk+1
)2 − 2]+
(a− b)
[
SzkS
z
k+1 −
(
SzkS
z
k+1
)2]}
with the spin-1 representation of SU(2) and deformation parameter q = eiλ.
Comparing coefficients one finds
hk(c1,−c1, c1, 1
cos (ϕ/2)
, ϕ) = c1O˜k(1,−1, ϕ/2) (96)
which is the integrable Zamolodchikov-Fateev Hamiltonian [42]. Moreover, one has
hk(0, c2, 0,
1
2 cosϕ
, ϕ) = O˜k(0, c2; 1) = c2
[(
~Sk · ~Sk+1
)2
− 1
]
(97)
which is the bi-quadratic Hamiltonian of [43, 44]. It is remarkable that there is
no significant difference in the properties of the helix states for the integrable and
the non-integrable cases. The integrable models, however, are of particular interest
as they allow for a more detailed study, including transport properties in the pure
quantum case and possibly the construction of non-local conserved quantities that
are relevant for the derivation of transport properties of these models [26].
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5 Concluding remarks
We have defined a family of spin helix states (SHS) with twist angle ϕ in the xy-
plane between neighboring spins and shown that these states arise as the exact
stationary solution of open spin-1 quantum chains with bulk conservation of the
z-component of the magnetization, but boundary dissipation given by a suitably
chosen two-parameter families of Lindblad operators. These helix states are not in
any sense close to the quantum ground states of these spin chains. Nevertheless,
they are stationary under the Lindblad boundary driving that targets the boundary
spins in different directions, with a boundary twist angle Φ = (N − 1)ϕ mod 2pi.
A non-zero winding number K determined by ϕ = (Φ + 2piK)/(N − 1) allows for a
stationary spin-current jz of order 1.
Specifically, for the spin-1/2 Heisenberg chain with anisotropy parameter ∆ =
cos(η) the SHS occurs when η = ϕ. As a function of η the stationary current jz
for fixed ϕ shows a resonance-like peak at the SHS value η = ϕ. If this matching
condition is satisfied then for any fixed anisotropy parameter ∆ = cos(η) the SHS
carries a spin current jz = J sin (η). This corresponds to ballistic transport, i.e., the
current does not depend on system size, since for any N one can find a boundary
twist angle Φ ∈ [0, 2pi[ that supports this current. In fact, even when the boundary
twist Φ is zero the SHS carries a current of order 1 at anisotropies of the form ∆ =
cos 2piK/(N − 1). This is reminiscent of a result for the XXZ-chain with different
Lindblad operator where the Drude weight has peaks at anisotropies ∆ = cos 2pim/n
(m,n being integers), leading to an overall fractal behaviour of the Drude weight
as a function of ∆ in the thermodynamic limit N → ∞ [26]. Whether this Drude
weight is related to an SHS is an open question.
We generalized the construction to higher spins. For spin 1 we have derived
Hamiltonians which allow for the existence of stationary spin-1 SHS under suitable
dissipative dynamics at the boundaries. There Hamiltonians include the integrable
Zamolodchikov-Fateev chain [42] and also the bi-quadratic Hamiltonian of [43, 44].
We stress, however, that the existence of SHS is not in any way related to inte-
grability. Our solution includes non-integrable spin chains. Moreover, since the
construction relies on a local divergence condition when applying the local Hamilto-
nian on the SHS, it can be generalized to any lattice that allows for the cancellation
of all these terms in the sum of the local Hamiltonians over the lattice. So, in
particular, one can construct SHS for two- and three-dimensional cubic lattices.
By the same token, we expect that one can generalize the approach to Hamiltoni-
ans with next-nearest neighour interactions and to Hamiltonians with valence-bond
eigenstates.
Generally, the properties of the SHS show, by comparing with known results
for other boundary driving mechanisms, that the transport properties of spin chains
depend qualitatively on the choice of Lindblad operators. This is somewhat puzzling
as the ballistic or other superdiffusive transport is expected to be a bulk property
of the chain, not a boundary property. This is reminiscent of boundary-induced
phase transitions in classical stochastic particle systems [45, 46]. Whether there is
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a deeper link is a further open question.
Acknowledgements
Financial support by DFG is gratefully acknowledged. GMS thanks F.C. Alcaraz
and D. Karevski for stimulating discussions and the University of Sa˜o Paulo and the
University of Lorraine for kind hospitality.
References
[1] J. Sirker, R.G. Pereira, and I. Affleck, Diffusion and Ballistic Transport in
One-Dimensional Quantum Systems, Phys. Rev. Lett. 103, 216602 (2009).
[2] T. Prosen, Open XXZ Spin Chain: Nonequilibrium Steady State and a Strict
Bound on Ballistic Transport, Phys. Rev. Lett. 106, 217206 (2011).
[3] C. Karrasch T. Prosen and F. Heidrich-Meisner, Proposal for measuring the
finite-temperature Drude weight of integrable systems, arXiv:1611.04832 (2016)
[4] B.A. Bernevig, J. Orenstein, and S.-C. Zhang, Exact SU(2) Symmetry and
Persistent Spin Helix in a Spin-Orbit Coupled System, Phys. Rev. Lett. 97,
236601 (2006).
[5] M.-H. Liu, K.-W. Chen, S.-H. Chen, and C.-R. Chang, Persistent spin helix in
Rashba-Dresselhaus two-dimensional electron systems, Phys. Rev. B 74, 235322
(2006).
[6] J.D. Koralek, C.P. Weber, J. Orenstein, B.A. Bernevig, S.-C. Zhang, S. Mack,
and D.D. Awschalom, Emergence of the persistent spin helix in semiconductor
quantum wells, Nature 458, 610–613 (2009).
[7] Karevski, D., Popkov, V., Schu¨tz, G.M.: Exact matrix product solution for the
boundary-driven Lindblad XXZ chain Phys. Rev. Lett. 110, 047201 (2013).
[8] Karevski, D., Popkov, V., Schu¨tz, G.M.: Driven isotropic Heisenberg spin chain
with arbitrary boundary twisting angle: Exact results. Phys. Rev. E 88, 062118
(2013).
[9] R. Schilling, Quantum theory of domain walls, Phys. Rev. B 15, 2700–2703
(1977).
[10] F.C. Alcaraz, S.R. Salinas and W.F. Wreszinski, Anisotropic Ferromagnetic
Quantum Domains, Phys. Rev. Lett. 75, 930–933 (1995).
[11] Popkov, V., Presilla, C.: Obtaining pure steady states in nonequilibrium quan-
tum systems with strong dissipative couplings, Phys. Rev. A 93, 022111 (2016)
20
[12] Popkov, V., Presilla, C., Schmidt J.: Targeting pure quantum states by strong
noncommutative dissipation, arXiv:1702.00287 (2017)
[13] Baxter, R.J.: Exactly Solved Models in Statistical Mechanics. Academic, New
York (1982).
[14] H.-P. Breuer, H.-P. and F. Petruccione, F.: The Theory of Open Quantum
Systems. Oxford University Press, Oxford, (2002).
[15] Attal, S., Joye, A. Pillet, C.-A. (eds): Open Quantum Systems II. The Marko-
vian Approach. Springer, Berlin, (2006).
[16] Prosen, T.: Matrix product solutions of boundary driven quantum chains. J.
Phys. A: Math. Theor. 48, 373001 (2015).
[17] Karevski, D., Popkov, V., Schu¨tz, G.M.: Matrix product ansatz for non-
equilibrium quantum steady states, arXiv:1612.03601 (2016)
[18] We count the winding number clockwise from 0 to N−2 so that winding number
N −K − 1 corresponds to anti-clockwise winding number K.
[19] Schu¨tz, G.M. Diffusion-annihilation in the presence of a driving field. J. Phys.
A: Math. Gen. 28, 3405–3415 (1995)
[20] N. Yamamoto, Parametrization of the feedback hamiltonian realizing a pure
steady state, Phys. Rev. A 72, 024104 (2005).
[21] B. Kraus, H. P. Buchler, S. Diehl, A. Micheli and P. Zoller, Preparation of
entangled states by quantum markov processes, Phys. Rev. A 78, 042307 (2008).
[22] M. Zˇnidaricˇ, Spin transport in a one-dimensional anisotropic Heisenberg model
Phys. Rev. Lett. 106, 220601 (2011).
[23] N. Byers and C. N. Yang, Theoretical Considerations Concerning Quantized
Magnetic Flux in Superconducting Cylinders, Phys. Rev. Lett. 7, 46–49 (1961).
[24] W. Kohn, Theory of the Insulating State, Phys. Rev. 133, A171–A181 (1964).
[25] H. Castella, X. Zotos, and P. Prelovsˇek, Integrability and Ideal Conductance
at Finite Temperatures, Phys. Rev. Lett. 74, 972–975 (1995).
[26] T. Prosen and E. Ilievski, Families of quasi-local conservation laws and quantum
spin transport, Phys. Rev. Lett. 111, 057203 (2013)
[27] R. Pereira, V. Pasquier, J. Sirker, and I. Affleck, Exactly conserved quasilocal
operators for the XXZ spin chain, J. Stat. Mech. P09037 (2014).
[28] B. S. Shastry and B. Sutherland, Twisted Boundary Conditions and Effective
Mass in Heisenberg-Ising and Hubbard Rings Phys. Rev. Lett. 65, 243–246
(1990).
21
[29] J. Benz, T. Fukui, A. Klu¨mper, C. Scheeren, On the finite temperature Drude
weight of the anisotropic Heisenberg chain, J. Phys. Soc. Jpn. 74, 181–190
(2005).
[30] J. Herbrych, P. Prelovsˇek and X. Zotos, Finite-temperature Drude weight
within the anisotropic Heisenberg chain, Phys. Rev. B 84, 155125 (2011).
[31] The spin current in [8] differs from the spin current considered here by a factor
of two which arises from the definition of the magnetization as m = 〈σ 〉/2 as
opposed to m = 〈σ 〉 in [8].
[32] C. Karrasch, J. H. Bardarson, and J. E. Moore, Finite-Temperature Dynami-
cal Density Matrix Renormalization Group and the Drude Weight of Spin-1/2
Chains, Phys. Rev. Lett. 108, 227206 (2012).
[33] J.M.P. Carmelo, T. Prosen, and D.K. Campbell, Vanishing spin stiffness in the
spin-1/2 Heisenberg chain for any nonzero temperature, Phys. Rev. B 92(16),
165133 (2015)
[34] M. Zˇnidaricˇ, Transport in a one-dimensional isotropic Heisenberg model at high
temperature, J. Stat. Mech. P12008, (2011).
[35] S. Sandow and G. Schu¨tz, On Uq[SU(2)]-symmetric driven diffusion, Europhys.
Lett. 26, 7–13 (1994).
[36] G.M. Schu¨tz, Duality relations for asymmetric exclusion processes, J. Stat.
Phys. 86, 1265–1288 (1997).
[37] Schu¨tz, G.M.: Exactly solvable models for many-body systems far from equi-
librium, In: Domb C. and Lebowitz J. (eds.), Phase Transitions and Critical
Phenomena Vol. 19, pp. 1–251. Academic Press, London (2001)
[38] M. Lu¨scher Dynamical charges in the quantized renormalized massive Thirring
model, Nucl. Phys. B 117(2), 475–492 (1976).
[39] M.P. Grabowski and P. Mathieu, Quantum Integrals of Motion for the Heisen-
berg Spin Chain, Mod. Phys. Lett. 9A 2197–2206 (1994).
[40] M. Idzumi, T. Tokihiro, M. Arai, Solvable nineteen-vertex models and quantum
spin chains of spin one. J. Phys.I, 4(8), 1151–1159 (1994).
[41] M.T. Batchelor, L. Mezincescu, R.I. Nepomechie and V. Rittenberg, q-
deformations of the O(3) symmetric spin-1 Heisenberg chain, J. Phys. A: Math.
Gen. 23 L141–L144 (1990).
[42] Zamolodchikov, A.B., Fateev, V.A.: A model factorized S-matrix and an inte-
grable spin-1 Heisenberg chain Sov. J. Nucl. Phys. 32 298–303 (1980)
22
[43] A. Klu¨mper, New Results for Q-state vertex models and the pure biquadratic
spon-1 Hamiltonian, Europhys. Lett. 9, 815–820 (1989)
[44] Barber M. and Batchelor M.F., Spectrum of the biquadratic spin-1 antiferro-
magnetic chain, Phys. Rev. B 40 4621–4626 (1989).
[45] J. Krug, Boundary-induced phase transitions in driven diffusive systems, Phys.
Rev. Lett. 67 1882–1885 (1991).
[46] Popkov, V., Schu¨tz, G.M.: Steady-state selection in driven diffusive systems
with open boundaries, Europhys. Lett. 48 257–262 (1999)
23
